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PUSHFORWARDS OF TILTING SHEAVES 


AJNEET DHILLON, NICOLE LEMIRE, AND YOULONG YAN 


Abstract. We investigate the behaviour of tilting sheaves under pushforward 
by a finite Galois morphism. We determine conditions under which such a 
pushforward of a tilting sheaf is a tilting sheaf. We then produce some ex¬ 
amples of Sever! Brauer flag varieties and arithmetic toric varieties in which 
our method produces a tilting sheaf, adding to the list of positive results in 
the literature. We also produce some counterexamples to show that such a 
pushfoward need not be a tilting sheaf. 


1. Introduction 

The purpose of this paper is to study push forwards of tilting sheaves. We 
consider the following setup : given a variety Y with tilting sheaf T defined over 
some prime subheld and another variety X dehned over k that is an Z/fc-form of Y. 
Here l/k is a Galois extension of of helds. There is a projection 

tt-.Yi^X. 

We investigate when the push forward 7r*(7I) is a tilting sheaf on A. In previous 
work a number of positive results were obtained, see ^ and [Na] for certain ho¬ 
mogeneous varieties and towers of homogeneous varieties. In this work we give a 
counterexample to show that these sheaves need not be tilting sheaves in general, 
see section O 

As mentioned in the previous paragraph, various positive results regarding tilting 
sheaves on twisted forms of varieties have been obtained in recent papers. In EH, 
tilting sheaves are constructed on generalized Severi-Brauer varieties via a different 
approach to that given in this paper. The thesis constructs tilting bundles on 
Severi-Brauer schemes and some arithmetic toric varieties using the procedure in 
this work. More recently, these ideas have been extended to generalized Severi- 
Brauer schemes and positive characteristic in [Naj . 

A more detailed overview of the paper follows. In section 2 we recall some 
basic facts about global dimension of rings. We investigate the behaviour of global 
dimension under base change. A notion of geometric finite global dimension is 
introduced. This notion is motivated by the following question: If i? is a Zc-algebra 
of finite global dimension and I a hnite held extension of k, then does the algebra 
Ri have hnite global dimension? See (IT71) and the discussion after it. In section 3, 
we discuss basic results about tilting sheaves, generation in derived categories and 
exceptional sequences. A criterion for 7r*(7/) to be a tilting sheaf on Y is given, 
see (|3.4I) . In section 4 we recall Kapranov’s exceptional collection on hag varieties 
from ( [K2| ). The section ends by noting that Kapranov’s exceptional collection 
produces a tilting sheaf on any inner form of a partial hag variety, these are also 
known as Sever! Brauer hag varieties. This generalises a result of EI]j see also ^ 
and [Naj . In section 5, we show that if we consider outer forms of hag varieties then 
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the pushforward does not produce a tilting sheaf. The final section shows how a 
tilting sheaf can be constructed on certain kinds of arithmetic toric varieties. 

Notations and conventions 

We will work over a ground field k of characteristic 0. We need the characteristic 
0 assumption in order to make use of the theorem of Borel-Bott-Weil. We will have 
occasion to make use of possibly non-commutative fc-algebras. This notion means 
that k is in the center of the algebra. We will assume all rings have identities and 
all modules over them are unital. 

2. Finite global dimension 

2.1. Background. Let kl be a left i?-module. Recall that the projective dimension 
of A is the smallest integer n such that there exists a projective resolution 

0 -)■ Pi Po -t ^ -t 0. 

If no such integer exists we define the projective dimension to be oo. The projective 
dimension is denoted by pd^(Al). 

Proposition 2 . 1 . For a left R-module the following are equivalent : 

(i) pd^(A) < d. 

(ii) Ext" (A, B) = 0 for all left R-modules B and n > d. 

Proof. It is clear that (i) (ii). To see the converse consider a resolution 

0 Md —> Pd-i • ■ • —Pi —>■ Pq —^ ^ t 0. 

with Pi projective. Observe that Ext"(Md,P) = 0 for all B and n > 0. In other 
words, Bomfi^Md, —) is an exact functor. This implies that Md is projective. □ 

Theorem 2 . 2 . For any ring R the following numbers are equal 

(1) sup{pd^(A)|kl £ R — mod} 

(2) sup{pd^(P//)|/ a left ideal } 

Proof. See [W1 Theorem 4.1.2] □ 

The common number is called the global dimension of R. If it is finite, we say 
that R is of finite global dimension. We denote this number by gl. dimP. 

2.2. Base change for Ext. Throughout this section R will be a fc-algebra with 
unit. Note that this implies that k is in the center of R. Given a field extension l/k 
we denote by Ri the Z-algebra R®kl- For a left P-module A, we denote by Ai the 
P; module I A. As I is contained in the center of Ri we have that Hom/j(A, Bi) 
is naturally a Tvector space when P-is a left P-module. 

Lemma 2 . 3 . Let A and B be left R-modules and l/k a field extension. Then there 
is an isomorphism of I-vector spaces 

$ ; Hom_R {A, Bi) ^ Hom/j, {AuBi). 

Proof. Let / £ Hom/{(A, Pj), x £ I and a £ A. One checks by the universal 
property of tensor product that there is an P;-linear map $(/) with 

$(/)(a;(8>a) = xf{a). 
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Then $ is an Z-linear function. As A ^ A; we see that $ is injective. Finally for 
g G HomiiiiAi, Bi) we have g = <i>((/|A) where the restriction is via the inclusion 
Ai. □ 


Corollary 2.4. We have a natural isomorphism 

$ : Ex4(A, BO ^ Ex4, (Ai, BO- 

Proof. We have i5-functors 

Ext^((—), Bi) and Ext^^, ((—);, BO : R — mod —>■ I — mod 

that agree for i = 0. The result follows by observing that they are both coeffaceable 
as both vanish on free modules for z > 0. □ 


Let A be a finitely generated B-module. Recall that we have a canonical isomor¬ 
phism 

Hom(A, ©ie/AO = ®ie/ Homfi(A, BO 
for finitely generated modules. 

Lemma 2.5. Suppose that l/k is a field extension and A is finitely generated then 
there is an isomorphism 


A : Z Homfl;(A, B) —^ Homfl(A, Bi). 


Proof. There is a bilinear pairing 

I X Hom/j(A, B) —^ Homfl(A, B/) 

sending (x, f) to the homomorphism a i—>■ xf{a) that induces A. The /-linearity of 
A is clear. Choose a basis {ei)i^i for l/k. This identifies the left hand side with 

/ ©fc Homfl(A, B) ^ ©jg/ Hom_R(A, B) 

and the right hand side with 

Hom_R(A, Bi) ^ ©ig/ Homfl(A, B). 

The first module is isomorphic to the second and A realises this isomorphism. □ 


Proposition 2.6. Let R be a left Noetherian k-algebra and A, B be left R-modules. 
If A is finitely generated then for any field extension we have a canonical isomor¬ 
phism 

I Extfl(A, B) - 5 - Ext^0"4/,-B/). 

Proof. We may find a resolution of A by finitely generated R modules, that is of 
the form: 

^ ^ ^ ^ A ^ 0, 


This resolution can be used to compute Ext^(A, B;) and Ext^(A, B). The previous 
lemma combined with (12.41) gives us the required result. □ 
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2.3. Geometric global dimension. 

Proposition 2.7. Let R be a left noetherian k-algebra and l/k a field extension. 
If Ri has finite global dimension then so does R. 

Proof. Suppose that Ri has global dimension d. By (12.21) it suffices to show that 
R/I has projective dimension smaller than d for each left ideal I. Note that R/I 
is finitely generated so we may apply (j2.6l) to see that 

I (8)/c Ext^(i?//, B) = 0 

for f > d and each i?-module B. Hence Ext^(i?/J, H) = 0 in for i > d. The result 
follows from dH]). □ 

We do not know how to prove the converse nor do we have a counterexample. 

Definition 2.8. We say that a A:-algebra R is geometrically of finite global dimen¬ 
sion if Rj. has finite global dimension for some algebraic closure k of k. 

2.4. Formal matrix rings. Let T and U be rings and M a {U, T)-bimodule. That 
is, M is a left T-module and a right H-module such that 

(um)t = u{mt) for all m € m G M, t G T. 

Then there is a natural ring structure on the matrices 

^ :t€TuGUm€ m\ . 

We will denote this ring by 

_( T 0 

-[mu 

and call it the {U, T, M)- formal matrix ring. We will now describe the category of 
left modules over this ring. 

We denote by ^ the category whose objects are triples {A, B, f) where A is 
a left T-module B is a left t7-module and / is a T-morphism 

M ®iiA^ B. 

A morphism from (A, 5,/) to {A',B',f') is a pair of morphisms (a,/?) where 
a : A ^ A' and fd : B ^ B' are module maps such that the following diagram 
commutes 

Given a triple (A, B, f) we can define a j^-module with underlying abelian 
group A © 5 and A^ j^-action given by 

^ (a, b) = {ta, f{m © a) + uh). 

This extends to a functor ^ ^ —)• A^ ^ — mod. 

Proposition 2.9. The above functor is an equivalence of categories. 

Proof See [FGR] . □ 

Theorem 2.10. The module F^jj{A,B,f) is projective if and only if A is a 
projective T-module, f is monie and B decomposes as B = f{M ©r A) ©T with P 
a projective U-module. 


t 0 
m u 
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Proof. See [HVI Theorem 3.1]. □ 

Proposition 2.11. Suppose that gl. dim(T) = m < oo and gl. dim(t7) = n < oo. 
Then gl. dim(A|^ < m + n + 1. 

Proof. Write A = We need to show that for any triple (A, B, /) we have 

pd^(A, B,f) < m + n + 1. We have a short exact sequence 

0 —> (0, ker(/), 0) —>■ (A, M A, Im^ta) (A, im(/), /) —> 0. 

Using (I2.10L we have pdA(0, ker(/), 0) < n and pd^(A, M A, Im^ta) < to + 
n + 1. It follows that 

pdA(A, im(/), /) < TO + n + 1. 

We have another short exact sequence 

0 ^ (A,im(/),/) ^ iA,BJ) ^ (0,B/im(/),0) ^ 0. 

Applying similar arguments to the first part yields the result. □ 

3. Tilting sheaves and base change 

3.1. Generation in derived categories. Let D be a triangulated category and 
S a set of objects in D. We denote by < S' > the smallest full triangulated category 
containing all the objects in S. We denote by < S >'^ the smallest thick triangulated 
containing all the objects in S. Note that thick subcategories are assumed to be 
full. 

An object C of D is said to be compact if Hom(C, —) commutes with direct 
sums. We denote by the full subcategory of compact objects. 

Given a set S of objects of D we define S-*- to be the full subcategory of D 
consisting of objects A with HomD(i?[i], A) = 0 for all U S S and i G Z. We say 
that S is a right spanning class if S"*" = 0. 

If D° right spans D we say that D is compactly generated. 

Theorem 3.1. (Ravenel and Neeman) Let D be a compactly generated triangulated 
category. Then a set of compact objects S right spans D if and only if < S >^= 

Proof. See |BV[ Theorem 2.1.2]. □ 

Let AT be a scheme. We denote by D(Qcoh(N)) the unbounded derived category 
of quasi-coherent sheaves on X and by D*'(Ar) the bounded derived category of 
coherent sheaves. 

Proposition 3.2. Let X be a quasi-compact, separated scheme. ThenT){Qcoh(X)) 
is compactly generated. 

Proof. See |Nel proposition 2.5]. □ 

A complex in D(Qcoh(X)) is said to be perfect if it is locally quasi-isomorphic 
to a bounded complex of free sheaves. 

Proposition 3.3. Let X be a smooth projective variety. The C G D{Qcoh{X)) is 
compact if and only if C is perfect. 

Proof. See [Cl Lemma 3.5]. □ 
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Proposition 3.4. Let X/k be a smooth projective variety and l/k a finite field 
extension. We have canonical morphism tti : Xi ^ X. Suppose that T is a locally 
free sheaf on X. Then < T >'^= D^(X) if and only if < tt*T >'^= D^(X/). 

Proof. First suppose that < T >'^= D*>(X). As the functor ttj, is exact we have 
that for each coherent sheaf J- on Xi that G tt* < T >''. But then by 

exactness of tt* we have that J- ®kl G< 7r*T The result follows as is a direct 
summand oi F ®k I. 

Conversely assume that < tv*T >'^= D*'(A;). By (13.111 . (13.211 and (13.3p . it suffices 
to show that = 0. Consider the cartesian square 




TT; 


^ A 


q 


p 


Spec(^) —^ Spec(A:) 


Suppose that A4 G T^. Then 

0 = u*RHom(r,Af) 

= u*Rp4T''®M) 

= Rq,7r;(r''®M) 

= RHom(7r;r, TrfAd). 

Hence =0 by (13.11) . p.2l) and (13.31) . Finally Ad = 0 as tt; is faithfully flat. □ 

3.2. Self extensions. Recall that a coherent sheaf F is said to have no higher self 
extensions if Ext* (A, A) = 0 for i > 0. 

Lemma 3.5. Let X/k he a smooth projective variety and l/k a finite field extension. 
We have canonical morphism tt; : A; —> A. If F is a locally free coherent sheaf 
on X then T has no higher self extensions if and only if tt*?” has no higher self 
extensions. 

Proof. This follows via flat base change. □ 

3.3. Tilting sheaves and base change. 

Definition 3.6. A coherent sheaf A on A is said to be a tilting sheaf if 

(i) End(J-') has finite global dimension 

(ii) F has no higher self extensions 

(iii) F generates D^(A) 

Proposition 3.7. Let X/k he a smooth projective variety and l/k a finite field 
extension. Denote hy tti : Xi ^ X the projection. Suppose that T is a locally free 
sheaf on X with endomorphism algebra having geometrically finite global dimension. 
If tt/F is a tilting .sheaf then so is F. 


Proof. Firstly note that End(T) is a finite dimensional fc-algebra as A is projective. 
Hence it is noetherian. Combine (13.51) . (13.41) and (12.71) . □ 
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3.4. Galois Descent. Consider a variety Y defined over the prime subfield fcP’’ of 
k. Further consider a finite Galois extension l/k with Galois group Gal(^/A:). Let 
X be an l/k form of Y. This means that X is a variety defined over k and we have 
an Z-isomorphism Xi = Yi. Both of the varieties Y/ and Xi have actions of Gal{l/k). 
Taking the “difference” of these two actions produces a Galois cocycle 

(/x ■ Gal(Z/fc) —^ Aut;(y;). 


The sheaf 


X = ®g^Gal(l/k)4’x[g)*T 

descends to a sheaf on X. In fact it is just of 71 where 


n:Yi^X 

is the projection. It is clear that X generates D^{X), as a direct summand of it is 
a generator. Hence to see if 7r^:{Xi) is a tilting sheaf on X, we just need to check 
the following two properties : 

(Tl) the sheaf X has finite global dimension 
(T2) the sheaf X has no higher self extensions 
In some cases the following result applies : 


Proposition 3.8. In the above setting, suppose that there is a locally free tilting 
sheaf X on Y that is geometrically of finite global dimension. Suppose that for each 
g G Gal(Z/A:) we have 

</x{gnT) = T 

then there is a tilting sheaf on X obtained by pushing the tilting sheaf on Yi forward 
along the projection 

Yi^X 

Proof. The condition (T2) is immediate by base change, i.e (13.51) . The condition 
(Tl) follows from (12.111) . □ 


3.5. Tilting sheaves and exceptional collections. Many of the tilting sheaves 
in this work come from exceptional collections. We begin by recalling the definition. 

Definition 3.9. Let D be a fc-linear triangulated category. An object E is said to 
be exceptional if 

Hom(if, if) = k and Hom(if, if[m]) = 0 V m ^ 0. 

An exceptional collection in D is an ordered collection (Eq, Ei, ■ ■ ■ ,En) of excep¬ 
tional objects, satisfying 

Horn(if j, ifi[ to]) = 0 for all to when 0 < i < j < n. 

If in addition 

Horn(ifj,ifi[ to]) = 0 for 0 < j < i < n, to ^ 0, 
we call {Eq, El, ■ ■ ■ ,if„) a strong exceptional collection. The collection is full (or 
complete) if it generates D. 

Lemma 3.10. Let {Xq,Xi, • • • , Xn) be a full strong exceptional collection of coher¬ 
ent sheaves on X, then T = U > 1, is a tilting sheaf on X. 


Proof. It is clear that the constructed sheaf generates the derived category and 
has no higher self extensions. The statement about global dimension follows from 

dm]). □ 
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4. Partial Flag varieties 

For a fixed fc-vector space we will denote by F{di,... ,ds,V) the partial flag 
variety of flags 

ViCV2C...VsCV 

with dim Vi = di. The universal tautological flag will be denoted by 

^univ g y^;univ C . . . C 

4.1. Kapranov’s exceptional collection for partial flag varieties. In [K2] a 

complete exceptional collection for the partial flag variety F = F{di,... ,ds,V) is 
constructed. In this subsection we will describe this collection. 

Each such partial flag variety can be expressed as the composite of relative 
Grassmann bundles. Let Pr : F{dr,... ,ds,V) —>• F{dr+i,... ,ds,V) be the natural 
fibration with fibre Gr{dr, for r = 1,..., s which we will identify with the 

relative Grassmann bundle 

Pr : GT{dr, W^Z) ^ F{dr+1, . . . , 4, F) 

For each r = 1,..., s, let F^. be the set of all partitions corresponding to Young 
diagrams fitting into a box of size dr x (dr+i ~ dr). Then Kapranov’s exceptional 
collection for the partial flag variety F{di,... ,ds,V) is given by 

(g) • • • (g) 2“-* (>V^“'') : e F^, 1 < r < 4 

Note that this exceptional collection is built from the exceptional collection on 
Gr((is, F) using the sequence of relative Grassmann bundles used to determine the 
partial flag variety on F. 

Theorem 4.1. The sheaves (g) • • • g) occurring in the above 

decomposition form a complete, strong, exceptional collection for the partial flag 
variety F{di,... ,ds,V). 

Proof See 112]. □ 

4.2. Twisted Automorphisms of General Flag Varieties. Let F be an n di¬ 
mensional fc-vector space. Given 1 < di < ■ ■ ■ < ds < n, we denote by F = 
Fidi,... ,ds,V) the variety of partial flags of type (di,...,ds) in the n dimen¬ 
sional vector space F. When we want to make the base field clear we will write 
F{di,... ,ds,V)k or F^. Recall that the partial flag variety is a moduli space. As 
such, there are universal exact sequences 

0 ^ ^Of®v ^ QZZ «QZ‘'' ^ o- 

We begin by recalling the structure of Autfc(F(di,..., ds, F)). Any (f € GL(F) 
induces new universal exact sequences by 

0 ^ ^ ^ ypuniv ^-» ^ 0 

and hence determines an automorphism of F{di,... ,ds,V). This gives an inclusion 
PGL(F) ^ Autfc(F(di,..., ds, F). In most cases this completely describes the 
automorphism group. When di + ds-i+i = n for all I < i < s there is one more 
automorphism. Ghoose an isomorphism F = F^. This induces an automorphism 
(T of F(di,..., ds, F) sending the above universal exact sequences to 

0^ ^Of®v^ ^ ^0- 

So in particular, for alH = I,..., s. 
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Theorem 4.2. (i) Suppose that there exists i with di + ds-i+i ^ n. Then 

Autfe(F(di,...,4,F)) =PGL(y). 

(a) Suppose that for all \ <i < s, we have di + dg-i+i = n. Then 

Autfc(F(di,...,d„P) = (PGL(P),a). 

Proof. This theorem is due to Ghow in characteristic 0, see m- In arbitrary 
characteristic a proof can be found in HJ. □ 

The scheme F{di,... ,ds,V) can be defined over Z, along with its universal exact 
sequences. Hence for each field k and each automorphism a of fc lifts canonically 
to an automorphism, also denoted a, of Fidi,... ,ds,V). 

Proposition 4.3. In the above setting we have 

Proof. This is because descends to a sheaf over F{di,..., ds)i,- D 

Corollary 4.4. Let (f : F{di,... ,ds,V) —>■ ^(^ 1 ,... ,ds,V) be a twisted automor¬ 
phism. 

(i) If dim V ^ di-\- dg-i-^-i for some i = 1,..., s, then 

(a) If dim V = di + ds-i+i for all i = 1,..., s, then either = W™"' or 

rmr) = Qz'zi 

Proof. After writing (j) = if o a where tp is an automorphism of F(di,... ,ds,V) and 
a is an automorphism of k the result follows from the above discussion. □ 

4.3. Sever! Brauer Flag varieties. Gonsider a Severi-Brauer flag variety X = 
SB(di ,... ,ds,A) —>■ Spec(A:) where A is a fc-central simple algebra. Such an X is 
an inner form of a partial flag variety. That is, there is a cartesian square of the 
form 

F{di,...,ds,V)^X 


Spec(^) —> Spec(/c), 

where l/k is a Galois extension and the 1-cocycle 

Gal(//fc) —>• Aut(F(di, ^ 2 ,..., ds, P)) 
factors through PGL(V). 

Theorem 4.5. SB(di,..., dg, A) has a locally free tilting sheaf. 

Proof. We can just apply (13.81) as it is clear that an inner automorphism preserves 
the sheaves in the exceptional collection. □ 

5. Outer forms of Partial Flag Varieties. 

In this section we consider twisted forms of partial flag varieties 

F = F(di,...,dg,P) 

satisfying dim P = di -|- dg-i+i such that the associated Galois cocycle 

Gal(Vfc) ^ Auti(F) 
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does not factor through PGL(T/). The associated form X of F is called an outer 
form. X can be realised as a Severi Brauer flag variety SB(di ,... ,ds,A) for A a fc 
central simple algebra equipped with a unitary involution. 

In this case our method does not produce a tilting sheaf. This does not mean a 
tilting sheaf does not exist although, to the best of our knowledge, no such sheaf 
exists in the literature at this time. 

In this setting, the partial flag variety has an extra automorphism a that sends 
the tautological flag 

C • • • C W™*'' 
to 

guniv V g . . . g guniv 

Let £ = (yV™"") (8) • • • 0 (W™"') be a bundle in Kapranov’s exceptional col¬ 
lection. Then the image under the extra automorphism is cr*(f) = ^ 

We show that when di + ds-i+i = n for all i, the image of Kapranov’s exceptional 
collection under the automorphism group of F{di,... ,ds,V) cannot be an excep¬ 
tional collection, in particular higher Ext groups do not vanish. In other words, we 
will produce bundles J- and Q in Kapranov’s exceptional collection such that 

ExPj.(a*(F),g) ^0 

for some i > 0. 

We first discuss the methods behind our calculations. Let £ = g* {TY ®Q. Then 
as the exceptional collection consists of vector bundles, we have 

Ext;,(a*(F),g) = 

Also, we may factor the structure morphism p of F(di,..., dg, K) as a sequence of 
relative Grassmannian bundles 


■pi : F(di, ...,ds,V)^ F(dj+i ,... ,ds,V),i = 1,... ,s - 1 

with ps being the structure morphism for F(ds, V) = Gr{da, V). Here we identify 
Pi with the relative Grassmann bundle 

p, : Gr(d„ WZY) ^ ...,ds,V) 

Then, since p = Ps o ■ ■ ■ o pi^ we see that, in the derived category, we have 


Rp*{£) = R{ps)* o • ■ • o F(pi)*(£) 


Let £i = R{pi)^: o o • • • i?(pi)*(f) for f = 1,..., s and £o = £. At each 

stage i, we wish to reexpress £i in terms of bundles of the form 




- 1-1 


where £^1 is a bundle defined over F{di+i,... ,ds, V). To do this, we use exact 
sequences of bundles derived from the natural sequences 




'tuniv 

-di 




0 


We will make use of the tools discussed in the next subsection, particularly Propo¬ 
sition!^^ relative Borel-Weil-Bott and the projection formula to determine £i from 
£i-i as a bundle of F{di+i,... ,ds, V). 
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5.1. Cohomological Tools. Fix a Borel subgroup B C GL„. The character group 
of B, X{B) is the character lattice X{T) of the maximal torus T and so is in 
bijection with Z". Indeed. 

X(B)=X(r) = (xi:i = l,...,n)-Z- 

where Xi is the ith projection. The dominant Weyl chamber C'^ consists of se¬ 
quences X = (ai: 02 , ■ • ■, o-n) with «! > 02 > ... > o„. The irreducible repre¬ 
sentations of GL{V) are given by E^(F) for each x G where is the cor¬ 
responding Schur functor. Note that (E^(y))^ = E“^(y) for y € (7+ where 
—X = (—a„,..., —oi) S (7+ if X = (oi, ■ • ■, On) € C~^. There is an action of the 
Weyl group Sn given by permutation of letters. We denote half the sum of the 
positive roots by p = (n, n— 1,..., 1). There is a modified action of the Weyl group 
Sn on the weights Z” given by 

tJ.A = cr(A + p) — p. 

Let V be a vector bundle of rank n over a scheme X and tt : Flag(V) —>■ X 
be the relative full flag bundle over X. Note that there is a GL„-torsor r(V) = 
Isom(0^,V) over X. The fibre over a point a: S is the set of frames at a: G 
X, Isom(fc”,Va;) on which GL„ acts freely by precomposition. Then T{V)/B = 
Flag(V). Each character of B, x G produces a line bundle 

0{x)=T{V) Xb.x 

If X = (/3 i,/ 32, • ■ • ,/3n) then 

0{x) ^ ® (Wa/Wi)"'’^ 0 ... ® (V/>V„_i)-^". 

The Borel-Bott-Weil Theorem determines R'k^:{Of{x)) for X S C+. 

Theorem 5.1. ( Borel-Bott-Weil) Let V be a vector bundle over a scheme X and 
TT : Flag(V) X be the relative full flag bundle over X. Let 

0 = Wo C Wi C W 2 C ... C >V„ = V. 

be a universal flag on Flag(V). For /3 = (/3i,..., /3n) G IF, we define a correspond¬ 
ing line bundle on Flag(V) 

Of{P) = 0 (W2/Wi)®-^= • • • 0 (V/W„_i)-^" 

Then for x G Z” ; 

(1) If there exists a non-identity w € Sn such that w ■ x = X (or equivalently if 
there is a repeat in x + p) then WirflOFix)) = 0 for all i. 

(2) Otherwise, there exists a unique w € Sn such that a = w ■ x & . In 

this case, if i ^ l{w), we have BV*((7(x)) = 0 and = 

E“(V)'^ = E-“(V). 

We will be interested in relative Grassmann bundles over a scheme X. Let V be 
a bundle over X and let p : Gr(fc, V) —be the relative Grassmann bundle and 
TT : Flag(V) —?> X. We wish to express the higher derived functors of p for certain 
bundles over Gr(fc, V) in terms of the higher derived functors of tt for certain line 
bundles over Flag(V). This proposition follows from the discussion in m- 

Proposition 5.2. Suppose we have decreasing sequences 

a = {ai> a 2 > ■ ■ ■> Ofe) and /3 = {/3i > /32 > ■ • ■ > Pn-k)- 
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Let V be a bundle on a scheme X, and let p : Gr(fc, V) ^ X be the relative Grass- 
mann bundle on V and let tt : Flag(V) X be the full flag variety. Let W he the 
tautological subbundle on Gr(fc,V). Then there is a cartesian diagram 

Flag(V)-> Flag(V/>V) 

92 

Flag(W) - - -> Gr(A:,V) 

Further RTTflOpi-oik, • ■ •, -ai, -Pn-k, ■ ■ ■, -Pi) = Rp*{T,°‘(W) G) Yi^{V/W)). 

Proof. The statement on the cartesian diagram follows immediately from the de¬ 
scription of the flag varieties as moduli spaces. 

By Borel-Weil-Bott, we see that (gi)*(£i) = (—a)) = (S““(>V))^ = 

S“(>V) and i?®(gi)*(£i) = 0 for f > 0 since —a is dominant if a is dominant. 
Similarly, we see that = ( 92 )*(C’e 2 (—/?)) = S^(V/W). Since 

0 = Wo c Wi c W2 c ... c yv„ = V. 

is a universal flag for the relative full flag bundle F = Flag(V) with projection 
q : F = Flag(V) —>■ G = Gr(A:,V), we see that 9 = 91 xq <72 and Flag(V) = 
Flag(W)xGFlag(V/W). Then/: = Ci®C 2 = GFiag(w)(-a)G)GGFiag(v/w)(-/5) = 
C’Fiag(V)(-afc> ■ • ■) -ai) -Pn-k, • • ■, -Pi)- By the Kiinneth formula, q*{Ci ® C2) = 
{qi)flCi) ® {q 2 )*{C 2 ) = S“(W) (8) S'^(V/W) and R^qflCi G £2) = 0 for i > 0. 

Now TT = p o q where p : Gr(A:, V) —>■ X and tt : Flag(V) —>■ X. By the Leray 
spectral sequence, we see that R'k^:{C) = o Rq^,{C) = i?p*(S“(W) G E^(V/W)) 
as required. 

□ 

Corollary 5.3. Let V he a bundle on X and p : Gr(V, k) X, the relative 

Grassmann bundle. Set G = Gr(V, fc). Then RpflOc) = Ox- 

Proof. Og = £°(W) G S°(V/W) where W is the tautological bundle on G and 
V/W is the tautological quotient bundle. The by the proposition and relative 
Borel-Weil-Bott, 

RpflOa) = RnflOpm = £°(V) = Gx 

□ 


Recall also the projection formula: 

Proposition 5.4. Let p : Y X be a morphism of schemes. Let £ be a bundle 
on Y and let J- he a bundle on X. Then RpflS ®p*{F)) = RpflS) ® T. 

Lastly, we recall a filtration on exterior algebra bundles determined by a short 
exact sequence which will later prove helpful: 

Proposition 5.5. Let 0 —-> —!> T" 0 he an exact sequence of locally free 

sheaves on a scheme X. Then for any r, there is a finite filtration of ffl^F), 

r 

^{F) = F° 2 D F^ 2 ■■■ 2 2 F^+^ = 0 
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with quotients 


for each p. 


p r—p 

FP/FP+^ = /\{r) 0 /\ (J-") 


Proof. Exercise II 5.16(c) in Hartshorne. 


□ 


Corollary 5.6. Let 0 — >■ —5- F" 0 be an exact sequence of locally free 

sheaves on a scheme X where F" has rank 1. Then we obtain an exact sequence 

r r r—1 

/\{F')^/\{F)^ /\{F')<E)F" ^0 
Proof. From the proposition, there is a filtration on given by 

r 

f\{F) = F° D F^ D F^ D ■■■ D F'' D = 0 

with quotients 

p - - p 

FP/FP+^ ^ f\{F') ® /\{F") 

for each p. But in our case, vanishes for all p = 0,...,r — 2 since 

K'~^{F") = 0. So we have t\ {F) = F° = ■ ■ ■ = F''-^ and F''+^ = 0. This 
means that the natural exact sequence 

0 -5- F’' F'-i F'-^jF^ 0 

gives the exact sequence 

\{F') ^ \{F) ^ /\ (fF') ® F" ^ 0 

as required. □ 


5.2. Non-vanishing Ext groups. In this subsection we consider a flag variety 
Flag(di, d 2 , • ■ •, ^ 2 , V). Such a flag variety has an extra automorphism a. We will 
find sheaves S and F in Kapranov’s exceptional collection so that 

ExtV(a*(F),e) AO 

for some i > 0. It follows that the pushforward of a tilting sheaf to an outer form 
of a flag variety is not a tilting sheaf. 

We will simplify notation a little. The universal subbundle W™"' and universal 
quotient bundles Q™"' by Wdi and Qd^ ■ We will also implicitly identify these bun¬ 
dles Wdj, Qdj over F{dj,... ,ds,V) with their pullbacks to F{di,... ,ds,V) where 
i < j. Given a partition we will often drop trailing zeroes. For example the partition 
(2) is really the partition (2,0,..., 0). Further repeated entries in a partition we 
be indicated by superscipts, for example, (I'^) is the partition (1,1,..., 1) repeated 
d-times. 

The construction is divided into three cases. 

Case 1: di > 2 

Note that as we have assumed that di + dg-i+i = n for all i = 1,..., s, this 
implies that dg = n — di. Take F = and Q = Note that 

F = J 0 • • • 0 J 

0 J ® • • • 0 J 
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where ai = and ai = 0 for alH ^ 1 and /3s = (2), /3i = 0 for all i ^ s. Since 

di — 1 < di and n — ds = di > 2, these vector bundles are part of the exceptional 
collection constructed in (14.11) . Then 

We factor the structure morphism of F = F{di,... ,ds,V) into the projection 
q : F{di,... ,ds,V) —>■ Gr(ds, V) and the structure morphismp for Gi{ds,V). Then 

= ( 8 ) E( 2 )(yv^J) 

where the last line follows from the projection formula as our bundle is defined 
over Gilds, V). Then for the structure morphism tt of Flag(14), we may apply 
Proposition [O] to obtain 

i?7r*(OFiag(v)(x)) = ^*(Flag(F), OFiag(v)(x)) 
where y = ( 0 ,..., 0 , — 2 , 0 , — 1 ,..., — 1 ) has the —2 in the dsth spot, 0 in the ds + 1 
spot and the remaining entries -1, since tt is the structure morphism of Flag(P). 
For the simple transposition w = (ds, ds + 1) £ Sn of length 1, we see that w{x + p) 
is dominant and a = w • x = ( 0 , • ■ • j 0 , ~ 1 ) • ■ •, ~ 1 ) where the last di + 1 entries are 
— 1. By Borel-Weil-Bott, we obtain 

idi(Flag(F),(!lFiag(Y)(x)) = 

So following the chain of isomorphisms, we find that 

Ext^(a*(F),e) ^0 

so that we have found a bundle of Kapranov’s exceptional collection and the image 
of a bundle of Kapranov’s exceptional collection which have non-trivial Ext group. 
Case 2: di = 1, d 2 > 3 

Note that dg-i > d 2 > 3 and by the symmetry assumption, we have ds = n — 1 
and ds-i = n — d 2 - Take F = and Q — E(^)(>Vd^_i). Note that 

F = E“H>Vd J (g) • • • (g) E““ (Wd J 

where = ( 1 '’*’^“^) and ai = ( 0 ) for alH 7 ^ 2 and fds-i = ( 2 ), Pi = ( 0 ) for all 
i ^ s — Since d 2 > 3 and ds — dg-i = (n — 1) — (n — d 2 ) = d 2 — 1 > 2, these 
vector bundles are part of the exceptional collection constructed in (14.111 . Then 

F^t*p{a*{F),g)=H*{F,£) 

where £ = ® We factor the structure morphism of 

F = F{di,... ,ds,V) into q : F(di ,... ,ds,V) —>• F{ds-i,ds, V) and the structure 
morphism t for F(ds-i, ds, K). Then 

H*{F,£) = RUlRq,{£)) = RU{£) = H*lF{ds-i,ds,V),£) 

where we use the projection formula and the fact that our bundle £ is defined over 
F(ds-i, ds, V). We now factor the structure morphism t for F(ds-i, ds, V) into the 
relative Grassmann bundle Ps-i : F(ds-i, ds, V) F{ds, V) = Gr(ds, V) and the 
structure morphism ps for Gr(ds,F). So 

H*{F{ds-i,ds,V),£) = RipsUR{Ps-i)*i£)) 
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We now analyse R{ps-i)*{£)'. Since £ = ® where r = 

d 2 — 1 = ds — ds-i, we need to reexpress the bundle terms of Schur 

functors of the bundles and Qd^- Note that there is a natural exact 

sequence of bundles: 

0 ^ WdjWd,_, ^ ^ Qd. ^ 0 

Let B = Qds_i, B' = WdjyVd^-i and B” = Qd^- Then since the Schur functor 
sii") is in fact /\^ and by assumption B" has rank 1, we may use Corollarv l5.6l to 
obtain an exact sequence 

r r r —1 

0 ^ /\iB') ^ /\iB) ^ /\ (B') 0 S" ^ 0 

So we have 

r r r — 1 

0 ^ /\iWdjWd^_,) ^ A(2d.-J ^ A J 0 Qd. ^ 0 

Tensoring this with E(^^(>Vds_i), we get 

0^£' ^£^£" ^0 


where 

r r—1 

£' = E(2)(>v^^_J®A(Wd./Wd._J and £” = E(2)(>Vd_ J0 A (Wd./Wd_ j0Qd.. 
We wish to compute R{ps-i)*{£). We note that 

0 ^ R{ps-i)*{£') —>■ R{ps-i)*{£) R{ps-i)t:{£") —>■ 0 

in the derived category. 

R{Ps-l)*{£') = i?(7rs_l)*(OFlag(Wd, (x)) 

where 7rs_i : Flag(>Vd^) —t F{ds,V) is the relative full flag bundle and y = 
(0 ,..., —2, —1,..., —1) € has a —2 in the dg-i position followed by a string 

of r -Is. Adding p = (n — 1,..., 1) to Xj we find that we have n — dg-i — 2 in 
both ds-i and ds-i + 1 positions and so R{ps-i)*{£') = 0 by the relative version 
of Borel-Weil-Bott. 

We now calculate 

r — 1 

r { ps - i ) 4 £) = i?(Pa-i)*(s(2)(>Vd._J 0 A (Wd./Wd.-i) ® QdJ 

r — 1 

= i?(p«_i),(s(2)(>Vd._ J 0 A (Wd./Wd._J) 0 Qd. 

where the last line follows by the projection formula as Qd^ is defined over F{ds,V). 
Note that 

r — 1 

i?(p«_i)4E(2)(>Vd._j0 A(Wd./>Vd._J) = i?(^«_i)*(o(x)) 

where tTs-i ■ Flag(>VdJ — F{ds, V) is the relative full flag and 
X = (0,...,0,-2,0,-1,...,-1)gZ'‘-i 
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has a -2 in the ds-i spot, a 0 in the ds-i + 1 spot and (r — 1) —I’s in the re¬ 
maining positions. A similar calculation using dSlD shows that the above bundle 
is Putting this together with the above shows that 

r+1 

H*{F,£) = R{PsUf\{mM ® QdJ. 

For the structure morphism tTs of Flag(P), we see that 

r+1 

A ® = R{^s).{0{x')) 

where x' = (0i ■ ■ • 1 0; “1; ■ ■ ■; “1) & has a string of r-|-1 = d 2 + l -I’s at the end. 
Since this weight is dominant, an application of (15.11) produces Hence 

r+1 

ExAK+),e)= A+) AO 

and all other Ext groups vanish. Note that r-|-l = (i 2 + l<nby assumption so 
that A 0. 

Case 3: di = 1, d 2 = 2. 

Note that n > 3, and we have ds = n — 1 and ds-i = n — 2 by the symmetry 
assumption. Take F = Wi and Q = Wn -2 ® VV„_i. Note that 

r = s“A>Vd J 0 • • ■ s“A>Vd j 
a = J ® J 

where ai = (1) and ai = (0) for alH A 1 and = fds = (1), ft = (0) for all 
j A s — l,s. Since ft > 1 for all i, these bundles are clearly in the exceptional 
collection constructed in (14.ip . Then 

E^t*p{a*{F),g) = H*{F,£) 

where £ = Qn-i <S> Wn-i ® Wn- We factor the structure morphism of E = 
F(di,... ,ds,V) into q : F{di,... ,ds,V) —>■ F{ds-i,ds, V) and the structure mor¬ 
phism t for F{ds-i, ds, V). The same calculation as in the second case shows that 
for F = F[di,... ,ds,V) we have 

H*{F,£)=H*{F{ds-i,ds,V),£) 

since our bundle £ is defined over F{ds-i,ds,V) = F{n — 2,n — 1,V). We now 
factor the structure morphism t for F(n — 2,n — 1,V) into the relative Grassmann 
bundle Ps-i : F{n — 2,n — 1,V) —^ F{n — 1,V) = Gr(n — 1, V) and the structure 
morphism ps for Gr(n — 1, V). So 

H*{F{n -2,n- l,V),£) = R{ps).{R{Ps-i)*{£)) 

We now analyse R{ps-i)*{£)'- Note that we have an exact sequence 
0 —>■ yVra_l/W„_2 Qn-2 Qn-1 0 
Tensoring with yVn -2 ® Wn-i we get an exact sequence 

0^£' ^£^£" ^0 

where £' = (>V„_i/>V„_ 2 ) ® >V „_2 G W„_i and £" = Qn-i ® Wn -2 G W„_i. We 
then have 


0 —>■ R{ps-i)*{£') —>■ R(j>s-i)*{£) —^ R{ps-i)*{£") —^ 0 
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We first analyse R{jps-i)*{£")■ By the projection formula, we have 
R{Ps-i)*{£'') = i?(Ps-l)*(>V„_2) ® Wn-l ® Qn-l 

But 

i?(p,_i),(W„_ 2 ) = R( 7 rs-i) 40 (x)) 
where tts-i : Flag(>Vn-i) ^ R(n — 1, V) is the relative full flag and 

x = (o,...,o,-i,o)ez-\ 

The last two entries of y + p are 1 and so by (EB, we see that i?(ps-i)*(W„_ 2 ) = 0 
and so R{ps-i)t,{£") = 0. Then 

R{ps-M£)=R{ps-l)*{£')^R{Ps-M{y\^n-l/Wn-2)®y\^n-2)(i>yVn-l 
where the last equality follows from the projection formula. Then 
R{ps-i),{Wn -2 ® (W„_i/W„_ 2 )) = i?(7r,_i),(0(y')) 
where Tr^-i : Flag(W„_i) ^ F{n — 1, V) is the relative full flag and 

X = (0,...,0,-1,-1)gZ-i. 

Since y is dominant, so is y + p, and so by EB, we see that 

2 

R{ps-lUWn-2 ® Wn-llWn-2) = /\{Wn-l). 

Then by Littlewood Richardson, we have 

2 3 

=/\(>v„_i) ® w„_i =/\(w„_i) © 

[Note that here we have n > 3 and so ^ 0 but /\^(>V„_i) 0 if and 

only if n > 4. This will turn out not to matter as this term vanishes in the next 
step.] So 

3 

R{Ps)*iR{Ps-lU£)) = R{PsU/\{Wn-l)) © RiPs).{^^^'^\Wn-l)) 

Let TTg be the structure morphism for Flag(R). Then we have 

3 

R{ps)*{/\{'Wn-l)) = R{TTs)*ixi) 

where yi = (0,..., 0, —1, —1, —1,0) G Z". Here yi + p has a repeat of 1 in the last 
two entries and so i?(ps)*(/\^(>V„_i)) = 0 by relative Borel-Weil-Bott. But we also 
have 

RiPs),i^^^’^H^n-l)) = RM*iX2) 

where y 2 = (0,..., 0,0, -1, -2, 0) G Z". Here y 2 + P = (n, n - 1,..., 4, 2,0,1). 
Letting w = (n — l,n), we see that a 2 = w ■ X 2 = (0,... ,0, —1, —1, —1) and so 
= A^(r)[l] by EB- Then we have 

3 

ExC(a,(J-),e)=/\(H) AO 

and all other Ext groups vanish. 
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6. Applications to arithmetic toric varieties 

Theorem 6.1. / ]Bej ) The derived category £)^(P") is generated by the strong ex¬ 
ceptional collection 

{0{-n),0{-n + l),--- ,0{-l),0}. 

Now let us fix some notation. For projective space P", we always choose {0(1)} 
as a basis of Pic(P”) = Z; for a projective bundle p : P(£) ^ P", we always choose 
{p*0(l),Of)!)} as a basis of Pic(7^(f)) = Z©Z and we denote by 0{i,j) the 
tensor product p*0{i) ® Os{j)] and so on. 

Proposition 6.2. Consider projective bundle p : P(£’) —>■ P”. Assume £ = Ci (B 
• • • © Cr+i such that Ci is in Pic(P")“'' cs Z>o for all 1 < i < n 1. Then 

(0(-n, -r), 0{-n + 1, -r), • • • , 0(0, -r), • • • , 0(-n, 0), • • • , 0(0, 0)) 
is a full strong exceptional collection of coherent sheaves on P(ifl). 

Proof. By Theorem (EH) and pH Corollary 2.7], we only need to show this set is a 
strong set, which follows from an easy computation of projective space cohomology. 

□ 


More generally, we have 

Corollary 6.3. Consider a series of projective bundles ¥(£m) P(£’i) —>■ 

P’’“. Assume £i is decomposable of rank + 1 and all its summands are in 
Pic(P(fi_i)“'' ~ (Z>o)®* for all 1 < i < m. Then the set 

{O(jo,ji, • • • ,jm) ■■ -Ti < ji <0,0 <i < m} 

is a full strong exceptional collection of coherent sheaves ono P(£^m) the lexico¬ 
graphical order on {jo,ji,--- ,jm)- 

Recall that, see [ELST] , an arithmetic torus over k of rank n is an algebraic 
group T over k such that 7) — T/v,/ for some finite Galois extension I / k and lattice 
N of rank n, and an arithmetic toric variety over fc is a pair (Y,T), where T is an 
arithmetic torus over k and T is a normal variety over k equipped with a faithful 
action of T which has a dense orbit. Let (Ls.i,T'Ar,^ be its split toric variety and 
G = Ga\{l/k), then the G-action on (Is,;, Tat,;) is determined by a conjugacy class 
of group homomorphisms <p : G ^ Aut{N) such that (p{G) C Auti;. 

Definition 6.4. ([B]) Let E be a smooth complete fan, we call a nonempty subset 
V = {xi,--- ,Xk} C S(l) a primitive collection if for each element Xi S V, the 
remaining elements V \ {xi} generate a {k — l)-dimensional cone in E, while V itself 
does not generate any fc-dimensional cone in E. And we say E is a splitting fan if 
any two different primitive collections in E(l) are disjoint. 

Theorem 6.5. Let (A, T) be an arithmetic toric variety over k, whose split toric 
variety corresponding to a splitting fan, then there exists a tilting bundle on X. 

Proof. Let Xi be the corresponding split toric variety with splitting fan E in a lattice 
N, where l/k is a Galois extension with Galois group G. By m Theorem 4.3], we 
have a projectivization Xi = P(£^) —>■ A{, which corresponds to a primitive collection 
P = {xi,X 2 , • • • , Xk+i} Q Ll(l) with primitive relation xi + a ;2 + • • ■ + Xk+i = 0 by 
[B1 Proposition 4.1]. Since E(l) generates E, the action of G on E is determined 
by the action of G on E(l). As G preserves the primitive relationship and V 
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has no intersection with any other primitive collection in S(l), we must have either 
g('P) — VoT g{'P)C\V = 0 for any g £ G. Let the distinguished primitive collections 
'Pir ' - : T^m be the images of V under the action of G. Again, by [Bl Proposition 
4.1], these primitive collections determine a series of projective bundles P(fi) ^ 
P(£’m) —^ Yi, where Yj is also a toric variety with splitting fan by m Theorem 

4.3]. 

By [Q1 page 59], we may construct the fan E from the fan Ey,. The Galois 
G-action on Xi induces an Galois G-action on Ij. Let Yj descend to {Yk,T'). Then 
we have a compatible commutative diagram: 


xi — ^{x,r) 


Yi — ^(Yk,r). 


Actually, for every r G Sm, the permutation group of of the set {1, 2, • • • , m}, 
we have a series of projective bundles P(f^J —>■ ^ ■ ■ • —P(f^^) —>■ Y^. 

Thus each of these primitive collections Pi,-- - ,Vrn induces a projective bundle 
P(£’i) —>■ Yl, i = 1, - ■ ■ ,m. The G-action on Xi induces commutative diagrams 




Yi 


P9i, 


Yi 


for 1 < i, j < TO. So we may assume that {Pg{£) ■ g £ G} = {£ 1 , • • • , £m}- 

Denote by Aj = P(fi) Xy, • • • Xy, P(£’m), we can see that Ex, — Ex', and hence 
Xi ~ F{£i) Xy, • • • Xy, P(£’m)- 

Thus we get the following compatible commutative diagram 


Xi = P(£:i) Xy • • • Xy F{£^) -^ (A,T) 


Yi 


(YuV), 


where £i is a decomposable bundle for all 1 < i < to by [DSl Lemma 1.1]. 
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Iteratively, we get the following diagram: 

Xt,i = m,i) m,m.) —- {Xt,k,ri) = {X,r) 

\ 1 


X2,l = P(f2,l) XXij • • • XXij P(f2,m2) -^ {X2,k, T2) 


Xu = xpP(fi) 


{XiuTi) 


Xq i = Spec I -^ Spec k 

where £i is a decomposable vector bundle of rank ri + 1 over Xqj^ is a 

decomposable vector bundle of rank + 1 over Xi_i i and {p*{£i^i) : g € G} = 
{£i,i, ■ • ■ ,£i,mi\ for 2 < z < t and 1 < ji < mi. 

As we know that Pic(Ari^i) ~ we may assume all the line bundle 

summands of £i are in all 2 < z < t. 

Without causing confusion, we use the same notation .)(s) (1 < z < t, 1 < 
j < mi) to denote the corresponding component in Pic{Xhu) for a\\ i < h < t. 
Denote by 

= (Gp(£i)(jl.l), • • • >Gp(£i)(jl.mi), • • • , • • • , Gp(£t,^j(jt,mt)), 

where —< 0 and 1 < < mi for 1 < z < t. 

Then by (16.31) . the set 

{G(jid,''* ^ jl,mi ^ ‘ 1 jt,mt) ■ — ji,ki — Ojl ^ ki ^ ZTZz} 

is a full strong exceptional collection of D^{Xi) by the lexicographical order on 
(jEi, • • • , ji.mi, • • • , jz,i, • • • For any g G G, we have 

= OO'I..,, g(l)l ' ■ ■ jil,ri,g(mi)j ■ ■ ■ I Jt,Tt,g(l)j ‘ ‘ ‘ ljt,Tt,g 

where Ti_g, 1 < z < t, are permutations of the corresponding sets {1, • • • , mi}. So it 
is also in the same set. 

Let 

7” = ©PgG(ji^i, • • • , Jl,mi I ' ■ ■ ) Jt,l) ■ ■ ■ ) jt.mt)’! 
then T is a tilting sheaf on Xt^i by Lemma H3.10|) . and T descends to a tilting 
bundle on X by (13.71) . □ 
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